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Abstract-In the case of frictional contact problems subjected 10 periodic loading, due to non·
uniljueness and non·linearity, the size ofa load increment must be suitably determined to obtain the
proper. physically meaningful path of response history. A method of an autom,Hic load increment is
proposed based on the sensitivity analysis of the solution with resp'-'Ct to the load scale par'llneter.
Fricti'lOal contact conditions are formulated by complementarity and sensitivity analysis of the
solutions with respt.'Ct to the applied load. using the parametric optimal design theory. As illustrative
e~amples, a layer pressed against a half·plane by a uniform pressure and suhjected to a tangential
force varying periodically in time is tested and eompmed with the solutions hy Comninou ,lnd
Barl>er (1983. f1/l. J. Salilb' Slrlle/llrc.~ 19. 533-539). As a practical prol>lem. a \"alve-cotlcr system
of a small engine subjectt-d to a periodic loading is solved as a three I>ody cont,lct problem.

I. INTRODUCTION

In the literature. solution methods of u frictional contact problem C:11l be divided into two
c:ttegories. In the !irst cutegory. the solution is sought iteratively by u trial und error method
until it satislies cont:tct and friction conditions (Hunson and Kecr. IWi9; Rahm:tn ('( al..
19X4). Second. the contact problem is reformulated as mathematic:tl problems such as a
v:lriational inequality or a complementarity problem. The variational incquality for
mulation is useful in obtaining nHtthematicul propcrties of the solution such as existence
and uniqueness (Duvaut and Lions, 1976; Panagiotopoulos. 19H5). however it has been
limited to the case in which either normal pressure or contact :tre known. or some
mathematical assumptions on smoothness of friction law arc used (Oden and Pires.
1983a. h). On the other hand, Klarbring (1986) prcsentcd a complementarity problem
formulation where Coulomb friction law is trc:tted as a suhdilli:rential law under the
restriction that contact status is constant during un incremental loading step. All these
methods arc lacking a unilied complete theoretical b:ISis. They arc heuristic or have rather
serious limiting assumptions. Recently, (Kwak und Lee. 198~; Kw.lk. 1990. 19(1) a com
plementarity principle has been derived directly. which is mathematically complete in
describing the frictional problem. For the two-dimensional casco this leads to a linear
complementarity problem (LCP). In the general three-dimensional case. by introducing a
polyhedral law of friction. the problem can be transformed to a linear complementarity
problem.

Because of non-lincarity of contact problem. an incrcmcntal analysis is inevitablc.
Since the physical state is uniquc for a given path of loading, the problem is how to
guarantee thc correct path numerically. This will restrict the amount of an incremental
loading step. One common method is that the applied load is incremented by an amount
which causes a change in the contact status (Okamoto and Nakazawa. 1979; Torstcnfdt.
1(84).

In this paper. a scnsitivity analysis with rcspect to the loading scalc p:lrameter is
systematically used to obtain the size of an incrcmental step. It is bascd on the formulation
by complement.lrity (K wak and Lee. 1988; Kwak. 1991). and the parametric optimal design
theory (Kwak and Haug. 1976) is utilized to derive the sensitivity formula. The sensitivity
of a solution with respect to the perturbations of problem parameters has been studied in
the literature. but with ditTerent purposes. In general muthcmatical programming problems.
it is devcloped by ditTcrentiation of the Kuhn-Tucker conditions (Fiacco and Ghaemi.
1982: Jittorntrum. 1984; Tobin. 1986). In the case of a variational inequality formulation.
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it is obtained as the solution of an auxiliary variational inequality and is a directional
derivative (Bendsoe et al.. 1985). Using this. Sokolowski (1988) derived a sensitivity formula
with respect to problem parameters for a contact problem with given friction. Haslinger
and Neittaanmaki (1988) also derived the sensitivity formula ofcontact problem with given
friction by variational inequality and illustrated it by simple examples. For completeness a
general kinematic description with an updated Lagrangian formulation is adopted and
finite element method used for discretization. Large deformation problems in this setting
have been treated earlier (100 and Kwak. 1986) but no friction is included.

To show the validity and usability of the proposed method. a layer pressed against a
half-plane by a uniform pressure and subjected to a tangential force varying periodically in
time is simulated and compared with the solutions by Comninou and Barber (1983). As a
more practical application. a valve-cotter system of a motorcycle engine subjected to a
periodic loading is solved as an axisymmetric three body contact problem.

2. COMPLEMENTARITY PROBLEM FORMULATION FOR TWO·DIMENSIONAL CONTACT
PROBLEM WITH COULOMB FRICTION

The updated Lagrangian formulation referring to current state t is employed for
loading-path dependent nature of friction phenomena. Large displacement and material
non-linearity are also considered. The formulation of the internal equilibrium is first
summ'lrized and the finite clement method is introduced for discretization.

The principle of virtual work at t+ilt is expressed as

(I)

where t' tuJR is the external virtual work. and t. tu r,}.lnd t. tue,} are the Cartesian components
of the Cauchy stress tensor and the Cartesian components of the infinitesimal strain tensor.
respectively.

Since the configuration of the body at time t + ilt is not known. the equilibrium equation
of the body is established in the current configuration t. Employing the 2nd Piola-Kirchhoff
stress and the Green-Lagrangian strain which are energetically conjugate each other. the
principle of virtual work at time t + ilt is then rewritten (Bathe. 1982):

f t+A:Si)(j'+Alrl:,} dV = I+ At l5R.
ro·

The Green-Lagrangian strain tensor has the following expression:

The 2nd Piola-Kirchhoff stress and the Green-Lagrangian strain are decomposed as

where

The stress and strain relationship for an incremental loading step is given by

where tCijkl is the constitutive coefficient at current time t.

(2)

(3)

(4)

(5)

(6)

(7)
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When eqns (4), (5) and (7) are substituted, eqn (2) becomes

Discarding higher order terms in eqn (8), the following equation is obtained:

Employing suitable shape functions. displacement increments /I, are expressed as

1I,(X"XZ.X3) = IcP,dxl,xz.x})li•.
•
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(8)

(9)

( 10)

where cP,k(XI, Xz, Xl) and Ii. represent shape functions and nodal displacement increments,
respectively. Following the usual finite element discretization procedure, a matrix equation
corresponding to eqn (9) is obtained:

( II )

where u is the nodal displacement increment vector and.

(12)

( 13)

( 14)

( 15)

where If is body force vector. I; surface traction vector and If unknown contact traction
vector at the potential contact surface which is selected sufficiently large to cover the real
contact area.

Decomposing u into the nodal displacement increments on the potential contact
surface. u.. and the internal nodal displacement increments. u,. the matrix equation (II)
can be rewritten in a partitioned form as

[K" K..-J{Ui} {F,}
K.., .'... lie = 10'.. •

( 16)

where F, and Fe arc corresponding force vectors. After statically condensing out the internal
degrees of freedom u" the matrix equation for u, is obtained:

where

Ku, = F, - K,F"

K = K.... -K..• K,;-'K".

(17)
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So the relationship between the displacement increment and the force at the potential
contact surface for the kth body is expressed as

( 18)

where B' = Ii: I and T' = -Ii: IK/ .
The displacement increment u~ and force F,k in eqn (18) are unknown and these must

satisfy contact and friction conditions described below (Kwak and Lee. 1988: Kwak. 1991).
The formulation is briefly described using a two-dimensional case. It is noted that the three
dimensional case is somewhat ditferent from the two-dimensional case. and the reader is
rdi:rred to Kwak (1991).

( I ) Gluhal Cllllifihrillll/
The formulation is described for a two-body contact without loss of generality. Body

2 is assumed restrained against any rigid body displacements. while body I is allowed for
rigid body displacement denoted by '1, as shown in Fig. I. For body t. where rigid body
motions are allowed. all the external forces and the contact forces should be in equilibrium.
For configuration at I+t'il. from the principle of virtual displacements. the global equi
lihrium equation for body I is obtained as follows:

f ,. "/'~I/;,'t'., dr+f I+t'.t 5,..1;,'61 dr = o.
I ~ \'r/ I ~ .\, r,l

( 19)

where the wellicient matrices A" and II" represent the rigid body displacements of points
of I "T, and 1 "TI in the ith coordinate direction due to a unit displacement in the
jlh rigid body degree of freedom lI,. respectively. And /.~ and S, denote traction vectors
corresponding to the external and contact forces. respectively.

(2) /1II{lclI('lralilll/ collt/ilioll

Let the opposing surfaces in the potential contact region at conliguration I be described
as shown in Fig. 2 :

.l/1(a,I)=O and .l/(a,~)=O.

Then the impenetration condition is expressed as: for ,lny point a,1

Fig. I. Two hollies in contact (K .....ak. 1991).

(20)

(21 )
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tt,' (a;) = II; (a;) + :l"t/,.

The coel1icient 'X" rcprcscnts the displaccmcnt or a,1 duc to the rigid body displacemcnt t/,.
It is noted that yl (II,! + tI,! (II,!) - ti,' (II,'}) csscntially dcnolcs lhe gap bctween the points a,'
and a,! aftcr deformation during At. Lel

/>( ') . , ' " .\ ,"a, = n,~\ny (a,- +1I;(a,-) -II, (II, » (23)

such that thc value D,,(II,') denotes thc distance from the partide a,' to the surl;tce
!/(a,!) = 0 aftcr deformation. The poinl II,' and thc minimizing point a,~ arc called the
contacting pair. Thcn thc impenctration condition can be simply expressed as

1>,,(11,') ;;;: 0 ror all a,' such lhat y' (a,') O.

By considcring only the firsl ordcr lerms of Taylor's expansion. cqn(23) can be rcwritlen
for a mating conlact pair as follows:

(25)

where

,~ /'y' I" =Y (II,). 11k = ,. , ..
f.\'1.. a, "",-

Since either contact gap D,,(a,') or contacl normal forcc , ..\, J> betwecn two maling
contact pairs after load incrcment /).{ must bc equal 10 zero. the following condition is also
satisfied:

,+.\, p. D,,(a,') = 0 for all a,' on r,'. (26)
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(3) COll/omh friction condition
From the Coulomb friction law. the contact tangential force 1+I'J.lSr must satisfy the

following relation:

(27)

where Ii is a friction coefficient. If 1' +
6/Sri < ii'HI P. then there is no relative tangential

displacement. And. if 1' +.1' Sri = 1+61 P. slip is imminent.
The complementarity problem formulation corresponding to the above conditions

derived in Kwak and Lee (1988) is described for continuity. To describe the complementarity
in the Coulomb friction law. an incremental relative slip value DT at a contact point is
expressed in terms of displacement increments and rigid body motion, and replaced with a
difference of two non-negative variables as follows:

O -0+ D-- '(1+ 2t 2 A qT = r - T - IIi i IIi i - Ij j'

O;~O and DT~O.

(28)

(29)

where ti and 1,2 .1fC tangential basc vcctor components at the contact point as shown in Fig.
3. and A,; represents the tangential displaccment due to a unit displacement in the jth rigid
body degree of freedom.

By introducing slack variables T+ and T--. eqn (27) can be rewritten as

I H\ISr-IL' >'\1 P+ T -- = O.

p ~ 0 and T - ~ o.

The following complementarity conditions bctwccn slaek variables arc satisfied:

T' ·OJ. = 0,

T-' Or =O.

(30)

(31 )

(32)

(33)

(34)

Similarly, eqn (19) can be rewritten in the following matrix form introducing slack
variables V + and V :

(35)

------.,...---11.
n'

Fig. 3. Principal axes and force and relative displacement components at potential contact surface
(Kwak. 1991).
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A1'+ A1 p+ A;,"'+ 41Sr + HTI+ 41 F - y+ == O.

y+ ~ 0 and y- ~ o.
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(36)

(37)

Decomposing rigid body motion q with non-negative variables q+ and q-. the following
complementarity conditions are also derived:

(38)

(39)

Using eqn (18) and summarizing eqns (25). (28). (30). (31), (35) and (36). a linear
complementarity problem is derived as follows (Kwak, 1991):

where

z = Mw+r.

w ~ 0 and z ~ O.

Z == {On OJ: T- y+ y-}T.

W = {'+6tp T+ OF q+ q-p.

Bnn - Bntll Bn, 0 -An An

B,n- BIIII B/( 1 -A, A,

M= 2/11 -I 0 0 0
A~' _A;r II Ai 0 0 0

-A~' +A:'II -AT 0 0 0

r = {,+Fn F, 0 Hrt+A'F _HTt+A'F}T.

3. SENSITIVITY ANALYSIS

(40)

(41)

(42)

(43)

(44)

The contact problem formulated above by eqns (40)-(42) can be transformed to an
equivalent quadratic problem:

z = M(b)w +r(b) ~ 0,

w~O.

(45)

(46)

(47)

where a general parameter vector b is introduced to represent design parameters. loading
scale factor or material properties.

The sensitivity analysis of interest concerns the effect of perturbations of the parameter
on the optim<ll solution point. In this paper. the approximation scheme based on parametric
optimal design (Kwak and Haug. 1976). is employed to obtain the sensitivity formula as

c5w = - Oc5b-C. (48)

where c5w and c5b <Ire the variations of solution vector and problem parameter vector.
respectively. Matrices C and 0 are given in the appendix for a general parametric optimal
design.
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In the above quadratic problem, the solution vector w is n-dimensional. but the number
of constraints is '2n. From the complementarity relationship between land ". /I constraints
are always active. If w is considered as basic variables (w > 0) and l as non-basic variabks
(z = 0) in complementarity pairs. only eqn (6) are active constraints. If constraints (6)

are linearly independent. :\Iqq and C1> IMq in the appendix become a unit matrix and :\I(b) I.

respectively. This means that variations of solution variables are obtained by considering
active constraints only. and matrices C and 0 are reduced to the simple form:

C= -;\I(b)··'~g.

(~9)

(50)

where ~g is the desired reduction in active constraints usu'llly t'lken as Llg = - g which
corresponds to the amount of active constraint violation. and GI is givcn in the appendix.
If problem parameters are fixed (Jb = 0), the solution is updated iteratively as

(51 )

If the maximum violation constnlint is considered for an iteration. this scheme is the
same as the Lemke algorithm (Bazaraa and Shelly. 1979) for linear complementarity
problems. At a solution point C equal to zero since constraint villations ~~ arc zero. Then
the variation of a solution point with respect to a problem parameter pCrlurhation ()h is
given as

(52)

From the solution scheme, the sensitivity matrix n is obtained if {; I is used as another
IO<lding vector since w is <I b<lsic solution vector. At a solution point. there is a small r:lllge
or parameter perturbations such that the set of active constraints is not changed for small
perturbations of problem parameters. So the variation of the non-oask solution l is zero.

For a degenerate case, th<lt is, when both =, = 0 <l1ll1 II', = 0 for an i. the 11l111l0er of
active constraints can be gre.ltcr th:1ll II. In this case, dill'crent sensitivity matrices I> arc
obtained by choosing dilrerent sets of 11 activc constraints from the active constraint set.
E<lch of these dill'erent scnsitivity matriccs I> denotcs a directional derivative at the solution
point for the degenerate case. Sensitivity results are used for the determination of a suitable
load increment as described below.

4. NUMERICAL IMPLEMENTATIO"" AND EXAMPLES

Since the solution of a contact problem is loading-path dependent a load increment
is calculate:d by considering the contact status at loading step I. According to the sensitivity
results, the: variations of the basic solution wand non-basic solution l at loading step I for
a loading perturbation t'5f are obtained as

where the sensitivity matrix 0 is

,)l = 0,

(53)

(5~)

(55)

(56)

Here 1\'1 is the same matrix as in eqn (43) for the basic solution wand non-basic solution z
at loading step t, and G r is the variation of the force vector r in cqn (44).
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After load increment ,1.): basic solutions r • .1/", at loading step 1+,1.1 are expected to be

(57)

For a change in the contact status. at least one component of the basic solution /• .1'",

will be reduced to zero at loading step 1+,1.1. So the load increment ,1.f is calculated with
the following provisions:

(i) load increment for a contact point to be a non-contact point
If the contact normal force I Pi for a contact point i is a basic solution at loading step

1. '-~I P, at loading step t +,1.t is expected to be

1+tJ.lp = 'p.+ op;,1.(.
I r t:f" (58)

where P; == «('P'/cf) can be obtained from (53) by considering a unit variation of Jl Then
the load increment M~, that can make ,+tJ., P, be zero is

'p
M~, = - i· (59)

I

(ii) load increment for a non-contact point to be a contact point
If the contact gap' f)", for a contact point i is a basic solution at loading step

t. r..\1 f)", at loading step t + ~t is expected to be

(lD
'+ hiD = I D + . ", ~( (GO)

"i "; (y'.

I\s in the previous case, to reduce,·hI D" to zero, the load increment til;, is, . ,

'D",

D;,,'

where D:" == «('J)"pn can be obtained from (53) by considering a unit variation of J(

(61 )

(iii) load increment for a stick contact point to be a slip contact point
If slack variables T,+- and T, for a contact point i are basic solutions at loading step

1, the tangential contact force /d'S,; at loading step 1+tit is expected to be

iJSr
, .. ArS = 'S + _'tif

r, r, Df 'J

, ... I - , (iJTt cJTi-) •= ( 7 I - T, )/2 +-t).( - -t}] ~)72. (62)

where S'r == «('Sr/ij) can be obtained from (53) by considering a unit variation of t5/ If
slip is to ~ccur at'1+ti1. the tangential contact force l+MSr, must be

""\'Sr, = ± (Jt''''\1 P,), (63)

Inserting eqns (58) and (62) into (63), the load increment for slip to occur is determined as

It'Pi-'ST,
tJ.J: ~ = ~--,-----;

S T, -ltP;
(64)
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Read external force Fe
Determine initial step size M = 0.01 Fe

Compute
Stiffness matrices K.., K....
LCP matrices M. r

Solve contact problem formulated by LCP
Obtain basic solution w, non-basic solution z

Calculate next incremental loading step size ~f

Update basic variables~"w ='w - 0 M

No

Yes No

Fig. 4. B1m:k Ji"gr"lII of till: prcscnt compulcr "lgonlhm for cont"ct strcss analysis with Coulomh
frictioll.

or

AI;
(JI'P/+'S,)
-- --

S~, + /lP; .
(65)

The smallest load increment is sclectcd to follow thc load history:

(66)

Now. an initial basic variablc ' ~,\'w can be obtained from eqn (57). And the solution
point at t +At is obtained iteratively from eqn (51). The proposed solution scheme for a
contact problem with friction is thus summarized as shown in Fig. 4. It is noted that the
step-size problem with non-constant coellkient matrices for elasto-plastic large deformation
is yet to be studied.

Example I. Frictiol/alslip hetln'cl/ a layer al/c1lll1l(plll/le c1uc to a periodic tal/gential force
In this example. the contact phenomena between an elastic layer and a half-plane due

to concentrated surface loads have been examined and compared with the solutions by
Comninou and Barber (1983). The layer of thickness a is pressed against the half-plane by
a uniform pressure Po as shown in Fig. 5. and subjected to a concentrated tangential load
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y

Fig. 5. Layer-substrate geometry.

~ Elastic layer -t
E====333181B:1IB:IlEEIiiijliIiiB:IHIIHIIEIEI3:131==~==3ICf

.J
~ic Hall-plan4

...

lOa lOa

l'ig. 6. ','EM model of a laycr and a half-planc.

3075

Q which v.trics pcriodically in time as shown in Fig. 7. For thc laycr and the half-planc, 72
quadrilatcral plane strain /inite clements and 12X clements arc used rcspcctively as shown
in Fig. 6, and 39 contact nodes arc lIsed in the potential contact surface betwecn the layer
and the half-planc. Young's modulus, Poisson's ratio and Coulomb's frictional coctlicient
arc 200,000 (force/length !), 0.3 and 0.5, respcdivcly. In the description of results, dimen
sionless loading paramcter i. == (Q/P"a) (and corresponding i., == (Q,/Pna)) is used as in

Q

Fig. 7. Vari;llion of load Q as a function of time.



y076 S. B. 1\1 and B. M. Kw"I.:

Comninou and Barber (1983). In this numerical computation. i' l is taken as 2.353 and
friction codficient tl as 0.5 for comparison with the existing solution.

Initially a uniform pressure Po is applied and i. = 0.0 I i' l is taken as the first load
increment. The loading when the first slip occurs is calculated from the sensitivity results.
The first slip occurs when i. = 2.054. and slip region increases to -1.5 < .\ a < -0.5
when i. = i.!. During unloading. stick prevails everywhere until i. = - 2.057. and then
back slip occurs in the range 0.5 < x/a < 1.5 when i. = -i.,. According to Comninou
and Barber (1983). the first slip occurs when i. = 2.03. forward slip occurs in
the range - .1.4445 < x/a < - 0.4 during the first loading and back slip occurs in
0.4039 < x/a < 1.4391 during unloading. In the present numerical calculation. the forward
slip area on loading and the back slip area on unloading are the same possibly because of
the size of the discretization. But it is found that back slip occurs at a higher load than the
first forward slip by the effect of the residual frictional force. During reloading to ;.!. no
slip occurs anywhere. In the calculation process. four loading steps on loading. four on
unloading and two on reloading have been executed as determined by the sensitivity results.
The normal contact pressure and shear traction distributions are shown in Figs 8 and 9
and compared with the solutions redrawn manually from Comninou and Barber (19::\3).
By an increase of the maximum tangential force Q,. the slip region extends and slip occurs
on reloading when ;.! = 3.051 [i.! = 3.1 by Comninou and Barber (1983)). The overall
behavior of the slip--nonslip history. the corresponding loads levels and traction dis
tributions arc all in good agn:ement with the analytical solution from COlllninou and Barher
( In3).

Exa1/lple :!. Three hody ./i·ic(iol/al ('ol/(ac( a/lalysis ol a /,a!t'('-c(}((ef sys((,m of a II/(/(orcrc!('
('/19il/c

The intake valve shown in Fig. 10 taken from a motorcycle engine is driven hy cam
and locker arm. At the initial position with the valve closed. the two springs arc in a
compressed state pressing the cotter and the retainer. By the motion of the valve. the spring

1.5
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A A

Q.P 1.0

c.....
::l

~
c.
t:
3
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Q
u 0.5<;

~
Q

Z

-Comninou
4 FEM

0.0

-4.0 -3.0 -2.0 -1.0 0.0 1.0 2.0 3.0 4.0

(a) xla

Fig. R. Normal contact prcssurc for ;., = 2.353. ta) Loading corrcsponding to point A in Fig. 7.
(h) Loading corrcsponding to point 8 in Fig. 7. (cl Loading corresponding to point C in Fig. 7.
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-Comninou
~ FEM
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0.0

-4.0 -3.0 .2.0 ·1.0 0.0 1.0 2.0 3.0 4.0

Fig. X ('ontiulict!

fon;es oscillate. The extent of contact pressure concentration and the prediction of wear
due to the frictional slip during this repeated loading will be the most important information
for the design of the system.

The valve-cotler system is analysed as a three body frictional contact problem. The
valve. the cotler and the retainer arc modeled by 105. 133 and 86 quadrilateral axisymmetric
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finite elements respectively as shown in Fig. II. Young's modulus. Poisson's ratio and the
friction coefficient are taken as 206 GPa, 0.3 and 0.3. respectively. In this model. the vertical
displacement of point a in Fig. II is fixed. The cotter and the retainer are allowed to have
rigid body motions in the =direction. The spring forces varying periodically in time as

0.6

-ComniDou
• FEM

4.03.0Z.O1.00.0-1.0-3.0 -Z.O

0.0
-4.0

0.0 U-..--
.~
1:
:'3
i
i u•l-

•

(a) "'/.

0.0

•
•

0.0
-0.1-..--

'1
]
a..
:t• -0.4l-

I-ComDiDou
• FEM

-0.6

-4.0 -3.0 -Z.O -1.0 0.0 1.0 Z.O 3.0 4.0

(b)
",/a

Fig. 9. Tangential traction for ;., = 2.353. (a) Loading corresponding to point A in Fig. 7.
(b) Loading corresponding to point 8 in Fig. 7. (c) Loading corresponding to point C in Fig. 7.
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(c)

..0•....

u
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Fig. 10. Valve-collcr system of a motorcycle engine (Courtesy of Hyosung Machineries. Inc.).

SAS 29.24-1



3()~() S H "I and B. \1 K\\,\I'

z
a ~r:'-""T'"-r.,

val~eColler
n I

(c)

(a)

Caner

(b)

(d)

Fig. II. I'EM lIlodel of valve. coller and ret;liner and coordinates of conl;lcl region. (;I) FEM
lIlodel. (h) Conl;lct region I. (c) Conlacl region ~. (d) Conl;lcl region J.

shown in Fig. 12 arl: acting at points d and c in Fig. II. Thl:Y arl: l:stimated from a separated
analysis of the valve systl:lll. Thn:l: potl:ntial contact regions 'Ire itkntilicd: Regions I and
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Fig. I~. Spring forces as a funclillll of lillle.
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Fig. 15. Pressure distrihutions in potential conlad region 2 ror various load levels in Fig. 12.
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:; between the valve and the cotter with 10 and 14 nodes. respectively. and region 3 between
the cotter and the retainer with 23 nodes. as shown in Fig. II (b). (c) and (d).

During the first loading between time A and B in Fig. 12. all of the nodes in contact
region I are in a state of slip and the contact pressure is highest in this region as shown in
Fig. 13. In the unloading stage between Band C. back slip occurs at all nodes in contact
region 2. But. in contact region 3. back slip occurs in the middle zone as shown in Fig. 18
and the other nodes near both ends are in a state of stick. No slip occurs in contact region
I. The contact pressure and tangential traction show very much different distributions for
the same load levels A and C. The distributions at time B on loading and at D on reloading.
however. are nearly equal indicating that the contact status is repeating after time B.

As noted by Torstenfelt ( 1984). stress at a point is not necessarily at its extreme when
the external load becomes maximum. For all of the contact nodes in region:; and the nodes
at end zone in region 3. the normal contact pressure and the tangential traction are larger
at time C than at Band D although external load at C is smallest. This is due to the frictional
etl'ect as shown in Figs 15-18. The contact pressure concentration at region I and slip and
back slip at region 2 and 3 can be damaging to the cotter. Because of the rapid change of
the contact status. 6 loading steps on loading. 15 on unloading and 24 on reloading have
been found performed in the incremental analysis.

5. CONCLUSION

A sensitiVIty analysis for the friction'll contact formulated by complementarity is
presenled and lIsed for a logical determination of lo'ld increments. The 'llgorilhm developed
is very ellicient and systematic. The method has been applied to the case of a periodic
tangential loading of an clastic layer and a h'llf-plane. The results 'lgree well with the
analytical solutions by Comninoll and B'lrber. As a practical application. a valve-coller
system of a moton.:yde enginc has been solved as a three body frictional contact problem.
The results have shown the capability of following a complex response history and n.:vealcd
all the dclail information necessary for a design analysis.
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APPENDIX: FIRST-ORDER SENSITIVITY FORMULA FOR AN OPTIMAL PROBLEM

An e~plicit e~pr.:ssion for the first-order sensitivity tl'rmula by Kwak and Haug (1976) is shown using a
gradient-projl'Ction method with constraint error compensation. The problem is of the following type:

min /;,(w. h).

subjl'Ct 10 I:(w. h) ,;;: O.

(AI)

(A2)

where h is the v.:.:I'lr of pn,blem parameters and w solution veclor.
An appro~imation problem is dclined by Taylor series e:\pansions of the obje.:tive function I;, up to the

se.:ond order and adive .:onstrainls up to Ihe tirsl order;1S li,II"ws:

where Ai: is the desired redu.:tion in the a':live ,:ollslrainls.
The Kuhn Tu.:ker ne.:essary .:omlitions for the problem (A3) (A~) ;Ire then solved to obtain

,\w,= -\),\h-C.

where

(A3)

(M)

(AS)

\).= 'I' '[(I-;\I".,)B r + i\I.,(; 1'1.
C .= '1' '[(I - :\1,,.)'\ - 1\1.,I\i:I.

1\1.,'= 0(0"1' '0) '. 1\1.",'= 1\1.,0 1'1' '

iO, ~ fu ,'j! l~~ r C~J;I,".= .... 0'.= ,..,w' (;1 - , B .= -----,
cw' - th ,'b,:w

D["
A '='--'.

i;w


